The classical and quantum dynamic of a nonlinear chareged vibrating membrane and its interaction with quantum vacuum field is investigated. Some probability amplitudes for transitions between vacuum field and quantum states of the membrane are obtained. The effect of nonlinearity on some probability amplitudes is investigated and finally the corect equation for membrane containing the vacuum and radiation reaction field is obtained.
Introduction
In QED a charged particle in quantum vacuum interacts with the vacuum field and its own field known as radiation reaction. In classical electrodynamics there is only the radiation reaction field that acts on a charged particle in the vacuum. The vacuum and radiation reaction fields have a fluctuationdissipation connection [1] and both are required for the consistency of QED. For example the stability of the ground state, atomic transitions and lamb shift can only be explained by taking into account both fields. If self reaction was alone the atomic ground state would not be stable [1, 2] . In some cases the self reaction effects can be derived equivalently from the corresponding classical radiation theory [3] . When a quantum mechanical system interacts with the quantum vacuum of electromagnetic field, the coupled Heisenberg equations for both system and field give us the radiation reaction field. For example it can be shown that the radiation reaction for a charged harmonic oscillator is 2e 2 3c 3 , [1, 2] . One method for generating coherent states is by interacting a classical current source with the quantized electromagnetic field, where the probability P n for emission of n photons when neither the momenta nor the polarization are observed is a poissonian distribution [4] . In this paper after nonlinear classical dynamics of a dissipative vibrating membrane, we investigate the interaction between quantum vacuum field and a membrane with the charge density σ. The effect of nonlinear term on probability amplitude for some transitions are investigated. In the last section the radiation reaction field for the quantized nondissipative vibrating membrane is derived and it is shown that the correct equation for membrane contains the vacuum as well as the radiation reaction field.
Nonlinear classical dynamic of a dissipative charged vibrating membrane
In this section we investigate the nonlinear classical dynamics of a dissipative charged membrane which we are interested in it's interaction with the quantum vacuum of the electromagnetic field, for this purpose, let the edges of a membrane with sidess a and b be fixed in x 1 − x 2 plane, the nonlinear equation for mechanical wave function η(x 1 , x 2 , t) of such a membrane up to the first nonlinear terms can be written as
by introducing the new variable τ = e −βt the above equation becomes
which can be obtained from the Lagrangian density [5] £(
The suitable orthonormal basis that fulfils the boundary conditions are sin
and the solution of equation η(x 1 , x 2 , τ ) can be expanded in this basis as
by inserting η(x 1 , x 2 , τ ) from the recent relation in Lagrangian density (3) and taking integrals with respect to x 1 and x 2 we obtain the following Lagrangian in terms of the coefficients C n 1 n 2 (τ )'s as new fields
where denotes summation on s 1 , s 2 , n 1 , n 2 , m 1 , m 2 ,£ 1 is the sum of the first and second term and£ 2 is the sum of the last eight terms. The C j 1 j 2 's satisfy the Euler-Lagrange equations
from which we can find the following equation for
this equation is a nonlinear differential equation and for getting an approximate solution we make an implicit assumption about the coefficients C j 1 j 2 's and assume that they are small functions with respect to the constant function f (τ ) = 1, then using the iteration method, we first solve the homogeneous equation
as the zero order approximation, let the initial conditions be η(x 1 , x 2 , 0) = sin
for some integers l 1 , l 2 and
inserting C j 1 j 2 (τ ) from (9)in right hand side of (7)gives
and the solution that satisfy the initial conditions
where
fields A µ in far future are again free and we denote them by A Now let the membrane have a constant surface charge density σ and stretched on the x 1 x 2 plane with the transverse oscillations along x 3 , after some simple calculations we have,
The final photon state (13) is clearly a coherent state. [6] Because of (9) and (11), the coefficients C n 1 n 2 (τ ) can be written as
where q in 1 n 2 and D in 1 n 2 are complex numbers, integrating (13) with respect to τ yields
If the initial photon state is |0 in then the probability P n for emission of n photons at t = +∞ is
which is a poisonian distribution function.
Quantum non-linear dynamic of the vibrating charged membrane
In this section we quantize predefined membrane, the mechanical wave function η(x 1 , x 2 , t) is an operator that satisfiesy the nonlinear wave equation
this equation can be obtained from the following Lagrangian density
from which the canonical momentum density corresponding to η( r, t) is
where r = x 1 i+x 2 j, and for quntization we apply the canonical quantization rule
The Lagrangian density (18)gives the Hamiltonian
(21) By expanding η( r, t) and π η ( r, t) in terms of orthogonal periodic functions e i kn 1 n 2 . r η( r, t) =
where k n 1 n 2 = 2n 1 π a i+ 2n 2 π b j , we obtain the following commutation relations
now we rewrite the Hamiltonian (21) in terms of C n 1 n 2 's
where H 1m is the sum of the first and second term and H 2m is the sum of the third and fourth term. Hamiltonian (24)gives the Heisenberg equations for C j 1 j 2 's
Interaction with the quantum vacuum field
When the quantized vibrating membrane interacts with the quantum vacuum of the lectromagnetic field, the total Hamiltonian can be written as
where H m = H 1m +H 2m is the membrane Hamiltonian defined in(24), H F is the free part of electromagnetic field Hamiltonian and H ′ is the interaction part, defiened by [7] 
∂t is canonical momentum density correspon to A µ provided that we take the Lagrangian density of Electromagnetic field as
now suppose a vibrating medium has the electrical charge density ρ(x), and let η( x, t) be the mechanical wave propagating in the medium, i.e, η( x, t) is the departure from the stable state of an infinitesimal element with center x, this vibrating medium interact with the quantized electromagnetic field as follows,
where ρ( x) is the charge density before the medium starts to vibration. In the following we approximate the interaction term as
which is known as dipole approximation and P ( x, t) is the electric dipole density of the vibrating medium. For the membrane with a surface charge density σ and sidess a and b stretched on x 1 − x 2 plane, we can write the charge density field as follows
where u is the step function, assume that the membrane vibrates only in the x 3 direction such that η(x 1 , , x 2 , t) k be the corresponding mechanical wave function, so by using (30), the interaction part of the Hamiltonian can be written as
Let us define H 0 := H 1m +H F , and H ′′ := H 2m +H ′ such that H = H 0 +H ′′ , in the interaction picture we have η I ( r, t) = e iH 0 t η( r, 0)e
where ω n 1 n 2 = 2πv
The new annihilation and creation operators of the membrane, B n 1 n 2 and B † m 1 m 2 satisfy the commutation relation
For electromagnetic field in interaction picture we can write
The creation and anihilation operators b kλ and b † kλ satisfy the comutation relation
one can easily obtain the Hamiltonian (H 0 ) I in the interaction picture
If we ignore H 2s in the Hamiltonian H ′′ , i.e, H ′′ = H ′ , and write H ′ in the interaction picture as
then by inserting η I (x 1 , x 2 , t) from (33) and E 2 I (x 1 , 0, 0, t) from (35) one can obtain H ′ I (t) and calculate the probability amplitude for various transitions. In the first order perturbation of evolution operator, in interaction picture, we have
For example the probability amplitude for transition from
where q and r are momentum and polarization of the created photon respectively, m 1 , m 2 is the quantum numbers for membrane quanta, |0 F and |0 m are electromagnetic and membrane vacuums respectively. The following probability amplitudes up to the first order perturbation theory are in order
In the second order perturbation we have
by using the wick's theorem, the last term can be written as
where : : denotes normal ordering . The last three terms in above equation have no effect on the probability amplitude of those transitions that initial and final states are different. By Inserting η I (x 1 , x 2 , t) from (33) and E 3 I (x 1 , x 2 , 0, t) from (35) into the above equation, one can calculate the probability amplitude for some special transitions. For example probability amplitude for the transition
and the probability amplitude for the following transitions, up to the second order perturbation, are zero
If we keep H 2m in H ′′ ,then H ′′ = H ′ + H 2m , up to the first order perturbation, we have
in this case, the term
∂η ∂x 2 ) 4 has no effect on the probability amplitude of those transitions that the initial and the final photon states are different.
In the second order perturbation, we can write
The first term has no effect on those probability amplitudes that the initial photon state is different from final photon state. The effect of fourth term is similar to (43)and has no effect on some of transitions. For example transition |s 1 , s 2 m ⊗|l 1 , l 2 m |f 1 , f 2 m ⊗|0 F −→ |n 1 , n 2 m ⊗|j 1 , j 2 m ⊗| p, r F up to the second order perturbation, has the following probability amplitude
which is only the effect of the second and third term in(47), i.e, only the nonlinear term
, has a nonzero effect in this probability amplitude.
Also the probabilty amplitude for the transition
which is only due to the efect of nonlinear term 
Radiation reaction effect
In this section we use the coulomb gauge for finding the radiation reaction effect, for this purpose one can write the free part of the electromagnetic field as 
where we have ignored the coulomb interaction of the membrane with itself which clearly is divergent and this is because we are not interested in self interaction effects. The interaction part of the Hamiltonian (29) up to the electric dipole approximation is given by(32)which gives the Heisenberg equation for η(x 1 , x 2 , t) as
The vector potential A and transverse electrical field are defined by
(a kλ (t)e +i k. x + a † kλ (t)e −i k. x ) ε( k, λ),
(a kλ (t)e +i k. x − a † kλ (t)e −i k. x ) ε( k, λ),
where the time dependence of a kλ (t) is not simply as a kλ e −iω k t and must be specified by Heisenberg 
where we have used the commutation relations [a k ′ λ ′ (t), a † kλ (t)] = δ λλ ′ δ( k − k ′ ). A formal solution for above equation can be written as a kλ (t) = a kλ (0)e
now by substituting a kλ (t) from equation (55) in electrical field expression (53), one obtains the electrical field as the sum of two parts, the first part
